Abstract: In subsea oil and gas production and processing, automatic control of operation is of significant importance. Typically, processing in subsea fields involves separation of hydrocarbons from water and rejection of water in an environmentally friendly way. Separators such as deoiling hydrocyclones help achieve these objectives. However, control strategy for hydrocyclones is not yet well established in the literature due to a lack of control oriented models for hydrocyclone. In this work we present a model for hydrocyclone based on mass balance equations. Subsequently, we propose a PI controller for controlling the water quality.
INTRODUCTION
In oil and gas processing fields, to reduce the oil content in the produced water a common separation system is used, which caters to streams from various wells. The separation system usually consists of bulk separators, such as first and second stage separators and high purity separators, such as hydrocyclone and compact flotation unit (Ruud et al., 2015) . The bulk separators perform a crude separation of oil from the produced water. However, the water from these separators is not suitable for discharge in the sea because the oil content in this water is much higher than that allowed for discharge in the sea. Permissible emission limits on water discharge are in the range of 20 − 30 ppm oil in water (OSPAR, 2001) . Hence, in order to further reduce the oil content, the produced water is processed in hydrocyclones. The inline hydrocyclones (HC) employ cyclonic forces to achieve g-forces much higher than gravity by virtue of a swirl element in the flow direction close to the feed. Typically, hydrocyclones bring down the oil content in water to a range of 100 − 200 ppm, which is further reduced to a range of 20 − 30 ppm using a compact flotation unit.
The emission limits on discharged water has reinforced the need for automatic control of HC operation. Automatic control of processes requires dynamic models. In the literature for HC modeling, first principles based models have attracted less focus in comparison to data driven approaches (Durdevic et al., 2015) . However, it has been reported that data driven models often fail to cover a wide range of operating conditions (Durdevic et al., 2017) . In real operating fields, HCs can be subjected to a wide variety of feeds with different inlet water qualities, especially in oil and gas fields in which a common separation system handles a network of wells and tie-in wells.
In this work we focus on developing a control oriented first principles based model for a deoiling inline hydrocyclone in order to alleviate some of the challenges faced by data driven models. An inline deoiling HC is shown in Figure  1 , in which all the flows are co-current.
The inflow F in containing oil and water enters the separator and passes a swirl element. The separated water is removed in the underflow F under , and the oily concentrate is taken out in the overflow F over . We derive our dynamic model based on mass balance for oil droplets. We extend the previously developed steady state model by (Das et al., 2016) to include dynamic behavior. In our model, the separation of the oil droplets is governed by the radial and axial velocities. We calculate the oil cut in F under based on a spatial profile of the oil droplets in the separator. This spatial profile changes temporally under transient conditions.
In this work, we use the dynamic model as plant to propose a control loop from Oil in Water in processed water flow F under to oily discharge flow F over . The rest of the paper is organized in the following way: In section 2, we describe the process. Section 3 presents the model equations. Section 4 describes the details of the controller used to control water quality. Results are presented in the section 5. The paper is concluded in the section 6.
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PROCESS DESCRIPTION
In inline hydrocyclones, swirl elements are used to create cyclonic effects. A typical swirl element is shown in Figure  2 . The swirling effect is a function of the angle of the blades θ. This element is placed at the start of the hydrocyclone near feed as shown in Figure 1 . This puts the flow in a swirl motion, which lets the fluids have an angular velocity as well as an axial velocity. Along the length of the separator towards the outlet the swirl decays. The density difference between oil and water propels dispersed oil droplets radially towards the center of the separator as the fluids move axially to the exit (shown in Figure 1 ).
HC MODELING
We model the HC assuming that the overflow F over , the inlet total flow F in and inlet oil cut in are known. Because of the cyclonic forces and different axial flows in the two coaxial sections, the oil droplets have specific radial and axial velocities, which are functions of their size, their radial and axial positions inside the separator and the total flow rate. The droplets are assumed to immediately achieve terminal velocities in the radial direction. These velocities have a very spatially local validity, hence it is necessary to solve for the hydrodynamics in a spatial way.
It is assumed that based on the design given by radii R i and R o , the separator volume is segmented into two volumes, one inner cylindrical and one outer annular. The flows F over and F under flow in the inner and the outer volumes, respectively. Droplets, under the influence of the cyclonic forces, will travel radially inwards towards the center. The droplets crossing the common interface between these two volumes are going to switch from one outlet to the other. The cyclonic force is proportional to the square of the droplet size, hence the larger the droplets, the higher the possibility of them exiting in the oily discharge. The cyclonic effect produced by the swirl element is proportional to the F in , however, this effect also causes droplets to break leading to several smaller droplets. Hence, the overall effect of increasing F in on the achieved separation is given by a trade-off between the effects mentioned earlier.
For the model, some equations have been written as partial differential equations (PDE), which are discretized in radial and axial directions to obtain a series of ordinary differential equations. Other model equations have been written directly for the discretized control volumes as presented below.
Model equations (PDEs)
The coordinate system used for developing the model is shown in Figure 3 . The r-coordinate starts at the center of the separator and ends at the separator wall i.e. r = R o . 
The swirl number Ω is associated with the swirling effect the swirl element will produce. Ω is dependent on the θ in Figure 2 . Values of Ω are between 2.5 and 7.5. We simulated our model for Ω = 2.5, however other values could also be used. Here, we denote the maximum possible tangential velocity v max θ as a function of Ω and the bulk axial velocity v x,b . v
The tangential velocities near x = 0 i.e. just downstream of the swirl element are dependent on the radial position as given below. The assumption of this velocity profile has been taken from (Tyvold, 2015) . Here, R c is the radius of the inner core with a solid body rotation. R c /R o is set to 0.25.
However, we expect the swirling effect to decline in strength along the length of the separator. Hence, the tangential velocity v θ shall decay exponentially with an exponent of C decay along the length of the separator, thereby leading to the following steady state solution, as presented in (Najafi et al., 2011; Slot, 2013) .
The above equation is empirical in nature. A possible unsteady extension of (5) is below, though this equation needs experimental validation.
Here, (4) acts as the boundary condition for (6). The tangential velocity is going to give rise to a radial acceleration g r , which is derived using centripetal acceleration. This radial acceleration can be used to derive the expression for local radial terminal velocity v r the droplets will achieve. The expression comes from application of Stokes' law.
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Here, ρ w , ρ o and µ w denote water density, oil density and water viscosity. The droplet diameter d d is a function of the maximum possible tangential velocity v max θ as given below, which (Tyvold, 2015) provided using experimental data points found in (Van Campen, 2014) . Since, v max θ is a function of the inflow F in , F in affects the droplet size and thereby also affects the v d r . Since, the model is spatial in nature, we do not expect the droplets throughout the separator to change size immediately when the flow changes. Hence, we consider a partial differential equation for the transit of droplet sizes through the separator.
(10) shall result in the same evolution of average droplet diameter along the length of the separator as if solved for using population balances of different droplet classes, albeit with a much simpler equation. Here, (9) acts as boundary condition for (10) at x = 0.
Discretization and equations for discretized volumes
j i j = 1 i = n r j = n x i = 1
Fig. 4. Discretizations
In order to solve the model, we chose to discretize the separator volume in several control volumes. We consider n x = 12 equally discretized volumes in the axial direction. Each of this axially dicretized volume is further discretized into n r = 12 radial discretizations, with each control volume having the same volume. This resulted in a total of 144 control volumes as shown in Figure 4 , where j denotes index in x direction and i denotes index in r direction starting from r = 0 and ending at r = R o . Figure 5 shows one such ring element with the corresponding notation. Based on the control volume denoted by (i, j), the radial and axial boundaries of the control volumes are calculated as below. Fig. 5 . Schematic of a single control volume
Equations (6) and (10) have been discretized using the finite volume method assuming d d and v θ are piecewise constant in each control volume. Further, it is assumed that the oil volume fractions are piecewise constant in each control volume. The droplets enter from the left boundary (x lef t ) and the radially outer boundary (r outer ) and leave from the right boundary (x right ) and the radially inner boundary (r inner ) as shown in Figure 5 . The balance on oil volume for an arbitrary control volume (i, j) is written in the discretized form as below (We do not provide partial differential equations for these ones).
Here, d represents the local volume fraction of oil. A x and A c are shown in Figure 5 , where A x denotes the annular area of each control volume, given by πR 2 o /n r (All control volumes have same A x as per discretization) and A c the curved area given by A c (r) = 2πr x, where x = L/n x . Since the control volume doesn't change size, we can rearrange equation (15) to get the following equation.
The boundary conditions for the x coordinate are related to the inlet conditions and therefore, they have been embedded in the control volumes at the left edge near the inlet, i.e. {(i, j) : j = 1, i = 2, . . . , (n r − 1)} as follows:
in is inlet produced water oil cut. For the control volume (i, j) = (n r , 1), there is no radial flow in, hence, the following equation holds. The overall effect of F in on separation is, therefore, a tradeoff between the two effects mentioned earlier. We reckon that the separation performance will be affected by the magnitude of F in as well as the difference between F over and F under . In this model, F over is much lower than F under . We made an oversimplified assumption of two plug flows based on these two flows. Two flows next to each other with very different velocities will have a tendency to intermix due to radial pressure gradients. It is expected that part of the impure F over flow will exit with the underflow, which will cause worsening of the achieved separation in F under . Hence, we expect an re-entrainment flow q re−en as a function of the difference between the axial velocities achieved in the two flows as shown below.
k re−en is a re-entrainment constant, which is chosen as 1 · 10 −6 m 2 . Intuitively, larger the difference between overflow plug velocity and underflow plug velocity, larger the possibility of re-entrainment of one flow in the other. The above equation captures that effect. We assume here that the overflow is usually controlled to a flow of F over using a flow controller. Hence, it follows that the loss of flow in overflow due to re-entrainment will be compensated by an equal amount of flow q re−en from underflow to overflow.
Calculation of water quality
The model produces the oil volume fraction in the all the control volumes. These fractions can be used to compute the water quality of the outgoing F under and F over streams. To produce an estimate of the oil content, we employ the following equations.
ideal under is an estimate of the water quality in the underflow if no re-entrainment was happening. This variable is computed by summing up all the oil outflows that will exit in the radial section (R i < r ≤ R o ) for the control volumes on the rightmost edge (j = n x ) and dividing it by the underflow F under . Since the radially outer edge of the control volume (3, n x ) is at r = R i , we account for underflow from the control volume (4, n x ) to (n r , n x ) and for overflow from (1, n x ) to control volume (3, n x ). Hence, we obtain the following expression for the ideal over .
To compute the real water quality of the underflow, which will be affected by the re-entrainment of the oil rich overflow into the underflow near the exit, we employ the following equation.
The hydrocyclone model is developed assuming that F over /F in > in , which is most often the case. If, however, F over /F in < in , model could produce ideal over > 1, which is physically not possible. This happens because the model has not been corrected for these special unrealistic scenarios. The correction would mean that the flows out of a donor control volume to a receiver control volume is dependent on the oil hold up of the receiver control volume. If the receiver control volume has an oil hold up close to 1, oil flows into the control volume will approach zero. This modification makes the model severely nonlinear. Hence, for simplicity we do not consider this effect.
Model parameters
The model parameters are presented in the 
CONTROL STRUCTURE
The model described previously has been considered as a plant for conducting dynamic simulations. Further, we used the model to test a simple PI control law for controlling the processed water oil cut given by real under . The control structure is shown in Figure 6 , in which we consider inlet flow F in and incoming oil cut in as disturbances. 
RESULTS
The simulations were performed in MATLAB/Simulink. For finding the steady state, we used the fsolve solver in MATLAB, whereas for the dynamic simulations we used Simulink. The dynamic model was solved using the ode15s solver. The results will be presented in three segments. Firstly, we will present the steady state solution of the oil volume fractions over axial and radial positions for the nominal case using parameter values presented in subsection 3.5. In the next segment we will present the dynamic open loop results showing the effect of the disturbances, F in and in and the manipulated variable F over on the oil cut real under in underflow. In the last segment, we will present the dynamic closed loop results.
Steady state result
The steady state oil volume fractions are shown below. This clearly shows that the oil droplets are gradually moving towards the center (i = 1) as they proceed towards the exit (j = 12). Next, we present the oil flows out of different control volumes. This result is presented in terms of absolute volumetric flow rate of oil since the densities are considered to be constant. 
Open-loop results
Open-loop results are presented in order to identify the response of changing disturbances, viz. F in and in on the underflow water quality real under in manual mode. We further present also the effect of changing the manipulated variable, the overflow F over on the water quality. The open loop results can be seen in the Figure 8 . When changing the F in , three effects are in play, namely, reduction in residence time of the water inside the separator, increase in the tangential velocity and reduction in the droplet size. Of these effects, the droplet size reduction has the strongest effect. Reduced droplet size causes a reduction in radial velocity for the oil droplets. Hence, fewer droplets reach the overflow. Therefore, we see in Figure 8 that the Fig. 8 . Open loop behavior of the hydrocyclone model oil content in the underflow rises. An increase in inlet oil content in results in an increased oil content in the underflow, which is as expected. An increase in overflow F over reduces the the oil content of the produced water. Hence, overflow is considered as a suitable manipulated variable for control design for controlling the water quality. Based on the previous analysis, we chose F over as our control input to control the underflow water quality real under . Here, we subject the system to disturbances, such as changes in inlet oil content and inflow and we try to maintain the controlled variable to a set point of 147 ppm. For the closed loop performance, see Figure 9 . The controller acts quite rapidly when the inflow is raised by 10 %. It takes around 50 seconds before the controlled variable is brought back to the set point. A similar behavior is noticed when inlet oil content is raised by 10 %, in which water quality is off-spec for just around 50 seconds. Finally, we test the closed loop performance subject to a change in the set point from 147 to 130 ppm. The response time has been noted to be in the range of 100 seconds.
Closed-loop results

CONCLUSION
In this work, we developed a simplified dynamic model for an inline deoiling hydrocyclone. The model has been derived as a distributed parameter system to dynamically capture the oil content in the processed water. The model is able to study the impact of the disturbances and the control input. However, note that (6) is empirical and needs further investigation to ensure validity. Further, a control scheme has been prescribed for controlling the processed water quality using the overflow. The controller tunings have been derived using the SIMC rules. The open loop behavior of the model is according to expectation. The performance of the control structure is satisfactory with response time for disturbance rejection in the range of 50 seconds, while that for a change in set point in the range of 100 seconds.
The modeling work has been conducted as an approach to control the processed water oil quality. A similar approach of modeling can be used to develop dynamic models for many other separators in which the separation is physically driven such as by gravity or cyclonic forces. For this model, we assume that the oil content can be measured online. The control structure that we designed will heavily depend on the reliability, accuracy and the response time of the Oil in Water sensors. For that, the results shown in (Durdevic et al., 2016) on the evaluation of Oil in Water sensors for control seem promising.
